Abstract. Let K be a field and ℓ be a prime such that char K = ℓ. In the presence of sufficiently many roots of unity in K, we show how to recover some of the inertia/decomposition structure of valuations inside the maximal (Z/ℓ)-abelian resp. pro-ℓ-abelian Galois group of K using its (Z/ℓ)-central resp. pro-ℓ-central extensions.
Introduction
The first key step in most strategies towards anabelian geometry is to develop a local theory, by which one recovers decomposition groups of "points" using the given Galois theoretic information. In the context of anabelian curves, one should eventually detect decomposition groups of closed points of the given curve within itsétale fundamental group. On the other hand, in the birational setting, this corresponds to detecting decomposition groups of arithmetically and/or geometrically meaningful places of the function field under discussion within its absolute Galois group. The first instance of such a local theory is Neukirch's group-theoretical characterization of decomposition groups of finite places of global fields; 1 indeed, this was the basis for the celebrated Neukirch-Uchida theorem [Neu69b] , [Neu69a] , [Uch76] . The Neukirch-Uchida theorem was expanded by Pop to all higher dimensional finitely generated fields by developing a local theory based on his q-Lemma [Pop94] . The q-Lemma deals with the absolute pro-q Galois theory 2 of fields and, as with Neukirch's result, works only in arithmetical situations.
On the other hand, at about the same time, two non-arithmetically based methods were proposed which recover inertia and decomposition groups of valuations from the relative pro-ℓ Galois theory (ℓ a fixed prime) of a field whose characteristic is different from ℓ. The first relies on the theory of rigid elements which was developed by several authors (see the details below). This theory requires only that the field under discussion has characteristic different from ℓ and that it contains µ ℓ ; the input, however, must be the maximal pro-ℓ Galois group of the field (cf. Engler-Koenigsmann [EK98] ). Nevertheless, this method eventually led to the characterization of solvable absolute Galois groups of fields by Koenigsmann [Koe01] , and also the characterization of maximal pro-ℓ Galois groups of small rank [Koe98] , [Efr98] .
The second method is Bogomolov and Tschinkel's theory of commuting-liftable pairs in Galois groups [BT02] .
3 Its input is the much simpler maximal pro-ℓ abelian-bycentral Galois group, 4 but it requires that the base field contain an algebraically closed subfield. Nevertheless, this theory was a key technical tool in the local theory needed to settle Bogomolov's program in birational anabelian geometry for function fields over the algebraic closure of finite fields -see in dimension 2 and Pop [Pop11b] in general.
It goes without saying, the experts believed that the two approaches -that of rigid elements versus that of commuting-liftable pairs -were unrelated. However, Pop suggested in his Oberwolfach report [Pop06] that the two methods should be linked, even in the analogous (Z/ℓ n )-abelian-by-central situation, but unfortunately never followed up with the details. Also, the work done by Mahé, Mináč and Smith [MMS04] in the (Z/2)-abelian-by-central situation, and Efrat-Mináč [EM11a] in special cases of the (Z/ℓ)-abelian-by-central situation suggest a connection between the two methods in this analogous context. This paper aims to give a unifying approach for the two methods. At the same time, we provide simpler arguments for the pro-ℓ abelian-by-central assertions and prove more general versions of these assertions which assume only that the field contains µ ℓ ∞ .
5 For readers' sake, we give a short overview of the results mentioned above and see how the results of this paper fit into the larger context. 1.1. Overview. Let K be a field with char K = ℓ which contains the ℓ th roots of unity µ ℓ ⊂ K. Denote by K(ℓ) the maximal pro-ℓ Galois extension of K (inside a chosen separable closure of K) so that G K := Gal(K(ℓ)|K) is the maximal pro-ℓ quotient of the absolute Galois group G K of K. Let w be a valuation of K(ℓ) and denote by v = w| K its restriction to K; denote by k(w) the residue field of w and k(v) the residue field of v. We denote by I w|v ≤ D w|v ≤ G K the inertia resp. decomposition subgroup of w|v inside G K . Recall that D w|v /I w|v = G k (v) and that the canonical short exact sequence 1 → I w|v → D w|v → G k(v) → 1 is split. Moreover, if char k(v) = ℓ, then I w|v is a free abelian pro-ℓ group of the same rank as v(K × )/ℓ, and the action of G k(v) on I w|v factors via the ℓ-adic cyclotomic character. Thus, if char k(v) = ℓ, and σ ∈ I w|v , τ ∈ D w|v are given non-torsion elements so that the closed subgroup σ, τ 6 is non-pro-cyclic, then σ, τ = σ ⋊ τ ∼ = Z ℓ ⋊ Z ℓ is a semi-direct product. In a few words, the theory of rigid elements in the context of pro-ℓ Galois groups [EK98] asserts that the only way the situation above can arise is from valuation theory, as described above. More precisely, let K be a field such that char K = ℓ and µ ℓ ⊂ K. If σ, τ ∈ G K are non-torsion elements such that σ, τ = σ ⋊ τ is non-pro-cyclic, then there exists a valuation w of K(ℓ) such that, denoting v = w| K , one has char k(v) = ℓ, v(K × ) = v(K ×ℓ ), σ ∈ I w|v and τ ∈ D w|v . The key idea in this situation is the explicit "creation" of valuation rings inside K using rigid elements and so-called "ℓ-rigid calculus" developed in [Koe95] . Indeed, under the assumption that G K = σ, τ = σ ⋊ τ as above, [EK98] shows that K has sufficiently many "strongly-rigid elements" to produce an ℓ-Henselian valuation v
In this paper, we obtain analogous results to those in the theory of commuting-liftable pairs, for both the (Z/ℓ)-abelian-by-central and the pro-ℓ-abelian-by-central situations, by elaborating on and using the theory of rigid elements, while working under less restrictive assumptions than Bogomolov and Tschinkel's approach. In particular, we reprove and generalize the main results of [BT02] using this method. We begin by introducing some technical assumptions and notation.
1.2. Notation. For the remainder of this section, ℓ will denote a fixed prime, and K a field whose characteristic is different from ℓ. A "subgroup" in the context of profinite groups will always mean a closed subgroup.
Assume that µ ℓ ⊂ K. In this case, we denote by G 
K , and G Again, I( A) is a subgroup of A and can be seen as the "commuting-liftable-center" of A.
Suppose again that v is a valuation of K. We denote by K ab the Galois extension of K such that Gal(K ab |K) = Π 1.3. Main Results of the Paper. We are now ready to summarize the main results of this paper. The following theorem summarizes Theorems 5 and 6. Theorem 1. Let K be a field such that char K = ℓ and µ 2ℓ ⊂ K. Let Z ≤ G a K be given and consider I(Z) ≤ Z as defined above. Then the following hold:
K be given and assume that Π a K / Z is torsionfree. Consider I( Z) ≤ Z as defined above. Then the following hold:
We also give a condition which ensures that also char k(v) = ℓ. This is summarized in the following theorem which follows from Theorems 7 and 8.
Theorem 2. Let K be a field such that char K = ℓ and µ 2ℓ ⊂ K. Let Z ≤ G a K be given and consider I(Z) ≤ Z as defined above. Denote by L = (K ′ ) Z and assume that there
Then the following hold:
We also give a group-theoretical recipe to detect precisely
. Moreover, we provide several applications of this theory. First, we give a group theoretical recipe to detect
K for valuations v of K with char k(v) = ℓ, using a somewhat larger group than G c K resp. Π c K , but one that is still much smaller than G K -see § 4.1. We also prove a sufficient condition which detects whether or not char K = 0 using the group-theoretical structure encoded in a characteristic quotient of G K -see § 4.2 which also includes another application towards the possible structure of G K .
1.4. A Guide Through the Paper. The paper has two paths: the mod ℓ case which deals with the groups K × /ℓ, G c K , G a K and which at some points makes the assumption that µ ℓ ⊂ K or µ 2ℓ ⊂ K, and the pro-ℓ case which deals with the groups K (the ℓ-adic completion of
K and which at some points makes the assumption that µ ℓ ∞ ⊂ K. While the two can be considered completely separately, the arguments are sufficiently similar to merit only a single paper. The statements of all lemmas, propositions, theorems etc. in this paper have first the mod-ℓ case and then the pro-ℓ case. The arguments are usually only given for the pro-ℓ case; usually the pro-ℓ case is more technical and it is essentially a simple matter of making the appropriate changes in notation to deduce the analogous mod-ℓ arguments. The exception to this is in §3.2 where we give most of the arguments in the mod-ℓ case. Indeed the existence of a possibly non-trivial Bockstein map in the mod-ℓ case makes this case more technical; as in the other sections, the corresponding arguments in the pro-ℓ case are essentially identical to those in the mod-ℓ case. Also, Theorem 3 is explicitly proved in both cases -see the argument itself for a remark towards a unified proof.
The main body of the paper is split up into two sections. § 2 deals mostly with fields K that have no further restrictions.
• In § 2.1 we recall the notion of a rigid subgroup T ≤ K × and show how such subgroups relate to valuations of K.
• In § 2.2 we explore the relationship between rigidity of subgroups T ≤ K × and the structure of the Milnor K-ring K M * (K). We also explore analogous relationships in the ℓ-adically complete case. In § 3, this will eventually allow us to describe rigid subgroups in terms of Galois theory via Kummer theory and Galois cohomology.
• In § 2.3 we state the main results of the section which allow us to detect valuations v of K using the structure of K M * (K) resp. its ℓ-adically complete analogue. One should note that these results impose no restrictions on the field K.
• In § 2.4 we describe further conditions that ensure char k(v) = ℓ as soon as char K = ℓ.
• In § 2.5 we explore the compatibility of the results of § 2.3 in taking coarsenings/refinements of v. In this subsection, we also describe explicitly the "minimal" valuations which can be detected with this method, and show that divisorial valuations satisfy this minimality condition (see Example 2.24). § 3 deals exclusively with fields K such that char K = ℓ and µ ℓ ⊂ K resp. µ ℓ ∞ ⊂ K. We will in some cases make the assumption that further µ 2ℓ ⊂ K which ensures, in particular, that −1 ∈ K ×ℓ ; note that this is a vacuous condition if ℓ = 2.
• In § 3.1 we review some basic facts from Hilbert's decomposition theory of valued fields (K, v) such that char K = ℓ, char k(v) = ℓ and µ ℓ ⊂ K resp. µ ℓ ∞ ⊂ K -this expands on the brief overview from the introduction. We will be able to explicitly describe the Kummer-duals of the decomposition/inertia subgroups of such valuations
• In § 3.2 we review some basic facts from the cohomology of pro-ℓ groups which will be immediately used in § 3.3.
• In § 3.3 we recall some facts from the Galois cohomology of fields K such that char K = ℓ and µ ℓ ⊂ K resp. µ ℓ ∞ ⊂ K. This allows us to describe a condition for A ≤ G a K resp. A ≤ Π a K which ensures that the Kummer dual of A resp. A is rigid.
• In § 3.4 we describe the main results mentioned in the introduction. These are merely a translation of the main results of § 2, via Kummer theory, to group theoretical results within G c K resp. Π c K along with the canonical projection
As mentioned above, in § 4 we present some applications of the main results of § 3. In § 4.1, we apply our results to describe group-theoretical recipes which detect inertia/decomposition groups in G a K resp. Π a K of valuations v of K whose residue characteristic is different from ℓ. As a separate application, in § 4.2 we prove a result which restricts the group theoretical structure of the pro-ℓ group G K -see Corollary 4.6. This corollary can be seen as a sufficient condition to detect whether a field K has characteristic 0 using only the group theoretical data encoded in a characteristic quotient of G K which we denote by G m K (see § 4.1 for the definition of G m K ). Moreover, in Corollary 4.9, we describe minimal conditions which describe elements which commute in G K given they commute in its small quotients.
Rigid Elements
Throughout we use the term "valuation" for a Krull valuation. If K is a field and v is a valuation of K, we denote by O v the valuation ring, m v the valuation ideal, Γ v the value group and k(v) = O v /m v the residue field of v.
Throughout, we will work with a fixed prime ℓ. For any field K, we denote by K the ℓ-adic completion of K × ; i.e. K = lim n K × /ℓ n . In general, for an abelian group W we denote by W = lim n W/ℓ n the ℓ-adic completion of W . Also, throughout we will also use the notation • to differentiate the pro-ℓ case from the mod-ℓ case. We consider K as a complete Z ℓ -module and we implicitly only consider submodules which are complete and closed; we generally use the notation T ≤ K for such a submodule. Each T ≤ K is given by a compatible system of subgroups (
× we use the notation x ∈ T to mean x ∈ K × ∩ T , and similarly for subsets S ⊂ K × .
2.1. Rigidity and Valuation Theory. Let (K, v) be a valued field. The ultrametric inequality ensures that for all 
H one has 1 + x ∈ H ∪ xH, and whenever x, y ∈ K × H are such that 1 + x, 1 + y ∈ H, one has 1 + x(1 + y) ∈ H.
Proof. First assume that there exists a valuation
Moreover, if x, y / ∈ H and 1 + x, 1 + y ∈ H one has v(x), v(y) > 0 and thus v(x · (1 + y)) > 0 so that 1 + x(1 + y) ∈ H as required.
The converse is [AEJ87] Theorem 2.10 taking T = H in loc.cit.. Indeed, we note that the our assumption ensures the "preadditive" condition of loc.cit.. Proof. Let w be any valuation such that O × w ≤ H and consider the coarsening v of w which corresponds to the quotient of Γ w by the maximal convex subgroup of w(H). This is the coarsest coarsening v of w such that O × v ≤ H. By construction, v(H) contains no non-trivial convex subgroups. We deduce that whenever 
In particular, either w 1 or w 2 must be trivial for otherwise they would be independent. Thus v 1 and v 2 are comparable.
We are now ready to introduce our notion of a rigid subgroup T ≤ K × resp. T ≤ K; our terminology is motivated by Koenigsmann [Koe95] . As we will see in Theorem 3, rigid subgroups are intimately tied to valuative subgroups and vice-versa. In the following subsection, we explore how rigid subgroups behave in Milnor K-theory. Moreover, in the next section we translate our results for rigid subgroups, using Kummer theory, to subgroups of the maximal (Z/ℓ)-abelian Galois group of fields K with char K = ℓ and µ 2ℓ ⊂ K resp. subgroups of the maximal pro-ℓ abelian Galois group of fields K with char K = ℓ and µ ℓ ∞ ⊂ K. However, for the remainder of this section K will denote an arbitrary field unless otherwise noted.
Definition 2.8. Let K be a field and
If T ≤ K, we say that T is rigid provided that for all x ∈ K × such that x / ∈ T one has
The following lemma outlines some basic properties of rigid and valuative subgroups.
Lemma 2.9. Let K be a field. Then the following hold.
rigid and that for each i: H i is valuative and T ≤ H
Similarly:
Proof. Below we show the pro-ℓ situation, as the mod-ℓ case is similar (and simpler).
(1) and (2) are an easy consequence of the definitions, and are left to the reader. Let us show (3) by proving the second condition of Lemma 2.1 for H; alternatively, (3) can be deduced from Theorem 3 combined with Lemma 2.7. Assume WLOG that H = T and note that −1 ∈ H. Suppose x ∈ K × H. Then there exists an index i such that x / ∈ H i and thus 1 + x = 1 mod H i or 1 + x = x mod H i . On the other hand, there exists z ∈ K such that (x mod H), (1 + x mod H) ∈ z mod H . Say z a = 1 + x mod H and z b = x mod H. As x / ∈ H i one has z / ∈ H i . Moreover, one also has 1 + x = (z bc ) mod H i for c = 0 or c = 1. But then z a = z bc mod H i and since K/ H i is torsion-free, we deduce that a = bc. This shows that whenever
∈ H. A similar argument as above also shows that whenever x, y ∈ K × , x, y / ∈ H i such that 1 + x, 1 + y ∈ H i , one has 1 + x(1 + y) ∈ H and so 1 + x(1 + y) ∈ H. So now we assume that x ∈ H j H i but y ∈ H i H j where i = j, and 1 + x, 1 + y ∈ H. Then x, y mod H is non-cyclic. Consider then 1 + x(1 + y) = 1 + x· h for some h ∈ K × ∩ H and so 1 + x(1 + y) = 1 mod H or 1 + x(1 + y) = x mod H. On the other hand, 1 + x(1 + y) = 1 + x + xy = h ′ + xy for some h ′ ∈ K × ∩ H. Thus 1 + x(1 + y) = 1 mod H or 1 + x(1 + y) = xy mod H. But x, y are Z ℓ -independent in K/ H so that 1 + x(1 + y) ∈ H; thus, 1 + x(1 + y) ∈ H, as required.
Remark 2.10. As an immediate consequence of Lemma 2.9(3), we deduce that, if T ≤ K × is given such that K ×ℓ ≤ T and T is rigid, then there exists a unique minimal H, such that T ≤ H ≤ K × and H is valuative. Similarly, if T ≤ K is given such that K/ T is torsion-free and T is rigid, then there exists a unique minimal H such that T ≤ H ≤ K, K/ H is torsion-free and H is valuative.
The mod-ℓ case of the following theorem is a straight-forward application of established results; in fact, one direction of the the mod-ℓ case can be explicitly found in [Koe98] Proposition 3.1. Below, we include the mod-ℓ situation alongside our pro-ℓ case for sake of completeness.
Theorem 3. Let K be an arbitrary field and let T be given such that
Let T ≤ K be given such that K/ T is torsion-free. Then the following are equivalent:
Proof. First we show the mod-ℓ case. Assume (1) and denote
The In the pro-ℓ case, the fact that (1) ⇒ (2) is similar. Let us show that (2) ⇒ (1). Denote by T = K × ∩ T and note that −1 ∈ T . Denote by H the subgroup of K × generated by
and we denote by H the (complete) submodule of K generated by H and T . We proceed to show that H/ T is Z ℓ -cyclic. Suppose not, then there exist x, y ∈ K × such that x, y mod T is non-cyclic, and
Moreover, denote by V 0 the collection of all z ∈ K/ T such that there exists a ∈ Z ℓ with z a ∈ x, y mod T . Then V 0 is a free Z ℓ -module of rank two and the canonical map V 0 → V is injective. We abuse the notation and denote by z = z mod T for z ∈ K and/or z ∈ K × ; moreover, we consider the basis x, y for V and we identify V = Q 2 ℓ using this basis. Finally, we embed Q
. Lastly, we abuse the notation even more by denoting the elements of Q 2 ℓ by (a, b) = (1 : a : b) while elements of
we denote by l(v, w) the unique line between v and w, considering P 2 (Q ℓ ) as a projective space. Note, the rigidity property of T implies the following: Let
Our strategy is now motivated by [BT02] Proposition 4.1.2; however, we do not assume the existence of an algebraically closed subfield of K as in loc.cit. and this makes our proof much more technical. We obtain an obvious contradiction in the following claim: Claim: In the situation above, consider the unique isomorphism Ψ ∈ PGL(P 2 (Q ℓ )) such that Ψ(0, 0) = (0, 0), Ψ(0, 1) = (0, 1), Ψ(1, 0) = (1, 0), Ψ(1 + x) = (1 : 0) and Ψ(1 + y) = (0 : 1). Then Ψ −1 (P 2 (Q)) ⊂ V 0 . This provides a contradiction as P 2 (Q) ⊂ P 2 (Q ℓ ) is dense in the ℓ-adic topology and so the same is true for
and is not dense -contradiction. Before we prove this claim, we show how to finish the proof of the theorem under the assumption of the claim. We deduce from the above contradiction that H/ T is cyclic. Now we proceed using [AEJ87] Theorem 2.16 in a similar fashion to the mod-ℓ case. Indeed, loc.cit. implies that there exists
note that H 1 / T is still cyclic by our torsion-free assumption on K/ T , as required.
Proof of Claim:
Recall that Ψ(x) = (1, 0), Ψ(y) = (0, 1), Ψ(1 + x) = (1 : 0) and Ψ(1 + y) = (0 : 1). Recall furthermore that the rigidity property ensures that for all
is contained in the line between Ψ(x ′ ) and Ψ(y ′ ). To complete the proof of the claim, we show inductively that (⋆): a + bx + cy ∈ V 0 and Ψ(a + bx + cy) = (b + c − a : b : c) for coprime integers a, b, c. When we say (⋆) is satisfied by (b + c − a : b : c) ∈ P 2 (Q ℓ ), a, b, c coprime integers, we mean that indeed a+ bx+ cy ∈ V 0 and Ψ(a+ bx+ cy) = (b+ c −a : b : c).
The proof of the claim contains many steps and each step relies heavily on the previous ones. The key idea is to write an element of K × as a sum/difference (of elements of V 0 ) in two ways. This will then force this element to be in V 0 and its image under Ψ to be in the intersection of the corresponding lines. For example, 1 + x + y = (1 + x) + y = (1 + y) + x and thus Ψ(1 + x + y) lies in the intersection l(Ψ(1 + x), Ψ(y)) ∩ l(Ψ(1 + y), Ψ(x)) where l(v, w) denotes the line between v and w in P 2 (Q ℓ ); since Ψ(1 + x) = (1 : 0), Ψ(x) = (1, 0), Ψ(1 + y) = (0 : 1) and Ψ(y) = (0, 1), we deduce that Ψ(1 + x + y) = (1, 1). In the many steps that follow, we omit the explicit details as above and, when needed, give the two sums.
(1) Ψ(1 + x + y) = (1, 1) since 1 + x + y = (1 + x) + y = (1 + y) + x, as above. for all m > 0, m ∈ Z and we thereby obtain (⋆) for Q 2 by arguing as above. (17) For simplicity, denote by x ∞ = 1 + x and y ∞ = 1 + y. An easy inductive argument shows that Ψ(x ∞ + n· y ∞ ) = (1 : n) for all n ∈ Z. Similarly, Ψ(m·
We've thus proven (⋆) and the claim. One should note that the contradiction already occurs in Step (6) above in the case where char K > 0; the required contradiction already occurs in Step (16) for K with char
. Moreover, note that a similar claim, replacing Z ℓ and Q ℓ with Z/ℓ, could have been used as an alternative to [Koe98] Lemma 3.3 in the mod-ℓ case. In any case, this completes the proof of Theorem 3.
2.2. Rigidity and Milnor K-theory. Let K be a field. The usual construction of the Milnor K-ring is as follows:
Proof. We show the pro-ℓ case here; the mod-ℓ case is similar. Assume (1). The kernel of the canonical surjective map
However, all such elements are already trivial in ∧ 2 T K as T is rigid; thus we deduce (2). (3) ⇒ (1) is obvious since {1 − x, x} = 0 for all
Definition 2.13. Let K be a field and let T ≤ K × be given such that K ×ℓ ≤ T and −1 ∈ T . Denote by H(T ) the intersection of all H ≤ K × such that:
Let T ≤ K be given such that K/ T is torsion-free. We denote by H( T ) the intersection of all H ≤ K such that:
• T ≤ H ≤ K and K/ H is torsion-free cyclic (and possibly trivial).
• For all
Remark 2.14. We first remark that H(T ) resp. H( T ) might be "trivial" (i.e. equal to K
and H( T ) = T if and only if T is rigid ( T ≤ K and K/ T is torsion-free). Using Lemma 2.12, we deduce that H(T ) resp. H( T ) can be completely realized, as subgroups of K × /T resp. K/ T , using only the structure of K
On the other hand, the subgroups H(T ) resp. H( T ) have an alternative K-theoretic definition which we describe below.
Let K ×ℓ ≤ T ≤ K × be given. From the definition of H(T ) along with Lemma 2.9, we deduce that whenever T ≤ H ≤ H(T ) is such that H(T )/H is cyclic, then H is rigid. Because of this, H(T ) satisfies the following property: whenever x ∈ K × H(T ) and y ∈ K × T are such that x, y are (Z/ℓ)-independent in K × /T , then {x, y} T = 0. Indeed, the images of x, y in K × /H are also independent for some T ≤ H ≤ H(T ) such that H(T )/H is cyclic. Moreover, arguing as in Lemma 2.12, H(T ) is the unique minimal subgroup of K × which contains T and satisfies this property.
On the other hand, let T ≤ K be given such that K/ T is torsion-free. It follows from the definition of H( T ) that K/H( T ) is torsion-free. Using Lemma 2.9 as above, we deduce that if T ≤ H ≤ H( T ) is such that H( T )/ H is torsion-free cyclic, then H is rigid. Similarly to above, we deduce that H( T ) satisfies the following property: whenever x ∈ K H( T ) and y ∈ K T are such that x, y mod T is non-cyclic in K/ T , then {x, y} T = 0. Moreover, arguing as in Lemma 2.12, H( T ) is the unique minimal submodule of K which contains T and satisfies this property among all submodules H such that K/ H is torsion-free.
2.3. Main Results. We are now ready to present and prove the main results of this section which allow us to detect valuations from the Milnor K-theory of a field K. One should note that a more restricted version of the mod-ℓ case in the propositions below may be deduced from [Efr07] . Proof. This follows immediately from Remark 2.14 and Theorem 3. Indeed, recall that T = H(T ) iff T is rigid and T = H( T ) iff T is rigid.
Proposition 2.16. Let K be an arbitrary field. Let −1 ∈ T ≤ K × be given and denote by
Proof. Again, we show the pro-ℓ case as the mod-ℓ case is essentially identical. For this, we only need to show that H is valuative. Indeed, the rest follows from Lemma 2.9, Remark 2.14 and Theorem 3 since T is the intersection of all H ′ such that T ≤ H ′ ≤ H, H/ H ′ is cyclic and K/ H ′ is torsion-free. The minimality of H( T ) = H ensures that then H is generated by T and O × v as described above (see Theorem 3 and/or Lemma 2.21). Assume, for a contradiction, that H is not valuative; in particular H = K. Take T ≤ G 1 , G 2 ≤ H such that K/ G i is torsion-free, H/ G i is cyclic while G 1 ∩ G 2 is non-cyclic (such G i exist since T = H(T )). Then G i are both rigid. Take S i such that G i ≤ S i ≤ K, S i is valuative, S i / G i is cyclic and, denoting v i = v S i , 1+m v i ≤ G i as in Theorem 3. Furthermore, by enlarging S i if needed, we can assume with no loss that K/ S i is torsion-free and thus S i ∩ H = G i since S i ⊂ H as H is non-valuative. Since H is not valuative, we further deduce from Lemma 2.7 that v i are comparable. In particular, S 1 ∩ S 2 is valuative and thus rigid. We deduce from this that H ∩ S 1 ∩ S 2 = G 1 ∩ G 2 is rigid by Lemma 2.9. From this we deduce that T is rigid using, again, Lemma 2.9; this is because T can be written as the intersection of all possible G i as above. However, using Lemma 2.12 and Remark 2.14, this contradicts the fact that T = H( T ) by Remark 2.14 (namely, T = H( T ) if and only if T is rigid). 
Proof. If char k(v) = ℓ then v(ℓ) = 0 and the lemma is trivial. So assume that char k(v) = ℓ. Let x ∈ K × be such that 0 < v(x) ≤ v(ℓ) and so 1 + x ∈ L ×ℓ n . Take y ∈ L such that 1 + x = (1 + y) ℓ n . Note that y ∈ O w and since 1 + x = (1 + y) ℓ n = 1 + y ℓ n mod m w , we deduce that y ∈ m w . Expanding the equation 1+x = (1+y) ℓ n we deduce that x = ℓ n ·y·ǫ+y ℓ n for some ǫ ∈ O × w . But w(x) < w(ℓ n ) < w(ℓ n · y · ǫ) so finally w(x) = w(y ℓ n ) by the ultrametric inequality.
Proposition 2.18. Let K be an arbitrary field such that char K = ℓ and µ ℓ ⊂ K. Let −1 ∈ T ≤ K × be given and denote by L = K(
Assume furthermore that µ ℓ ∞ ⊂ K. Let T ≤ K be given such that K/ T is torsion-free and Proposition 2.19. Let K be an arbitrary field such that char K = ℓ and µ ℓ ⊂ K. Let −1 ∈ T ≤ K × be given and denote by H(T ) = H and assume that T = H. Denote by Definition 2.20. Let (K, v) be a valued field. We denote by
this implies in particular that T = H( T )). Then there exists an H such that T ≤ H ≤ K, H/ T is cyclic (possibly trivial) and
×ℓ , −1 . We denote by U v the ℓ-adic completion of O × v . Since Γ v is torsion-free, U v is a sub-module of K and K/U v is precisely the ℓ-adic completion of Γ v . In fact, the map K ։ K/U v = Γ v is precisely the ℓ-adic completion of the homomorphism v :
• K/U v is torsion-free.
•
One has a bijection between submodules T ≤ K such that U (
1) T is rigid resp. valuative (as a subgroup of K × /ℓ). (2) T v is rigid resp. valuative (as a subgroup of k(v)
× /ℓ).
Similarly, let T ≤ K be given such that
U 1 v ≤ T ≤ U v . Assume furthermore that v = v H for H = U v ;
equivalently, Γ v contains no non-trivial ℓ-divisible convex subgroups. The following are equivalent:
(
1) T is rigid resp. valuative (as a submodule of K). (2) T v is rigid resp. valuative (as a submodule of k(v)).
Proof. We prove the pro-ℓ case as the mod-ℓ case is similar. The fact that T v is valuative if and only if T is valuative follows immediately from the definitions by taking the valuationtheoretic composition of the corresponding valuations. Assume then that T is rigid. Takē
Observe that x / ∈ T and v(1 − x) = 0 for otherwise x ∈ T . As T is rigid, 1 − x, x mod T is cyclic in U v / T . Thus, the same is true for 1 −x,x mod T v in k(v)/ T v .
Conversely, assume that T v is rigid. Take
. Then x, (1 −x) mod T v is cyclic so that the same is true for x, (1 − x) mod T since, again, U 1 v ≤ T . Definition 2.22. Let K be a field. We denote by V K the collection of all (possibly trivial) valuations v of K such that:
• Γ v has no non-trivial ℓ-divisible convex subgroups.
Moreover, we denote by T K the collection of subgroups T ≤ K × such that: • Γ v has no non-trivial ℓ-divisible convex subgroups.
(T ). This implies in particular that
Moreover, we denote by T K the collection of subgroups T ≤ K such that:
• K/ T is torsion-free.
• T ≤ H( T ) is minimal; i.e. whenever T ′ ≤ T , K/ T ′ is torsion-free and T ′ = T , one has H( T ′ ) ≤ H( T ). This implies in particular that T = tor( K) or H( T ) = K. 
Remark 2.23. One should note that V K = V K provided that char K = ℓ and µ ℓ ∞ ⊂ K. Indeed, for such fields K × /ℓ is cyclic if and only if K is cyclic, −1 ∈ K ×ℓ and K is torsionfree and the same is true replacing K with k(v) for all valuations v of K. Recall that
is torsion-free. Conversely, we note that for all x, y ∈ K M 1 (K), {x, y} = 0 or {x, y} is non-torsion (see, e.g. Proposition 3.5 and the remark in the proof of the pro-ℓ case of Lemma 3.7). The same is true replacing K with k(v) for all valuations v of K; this can be immediately deduced as K
Thus, I(1) = K implies that for all x ∈ K K ℓ , there exists z ∈ K K ℓ such that x, z are Z ℓ -independent and {x, z} = 0. We deduce that {x mod K ℓ , z mod K ℓ } = 0 as well, and thus I(K ×ℓ ) = K × (see Remark 2.14).
Example 2.24. Let K be a function field of transcendence degree ≥ 2 over a field k such that k × = k ×ℓ (we make no assumptions on char k) and k is relatively algebraically closed in K. The prime divisors of K|k are valuations v of K which correspond to some Weil prime divisor on some model X → Spec k of K|k.
In fact, prime divisors of K|k are contained in V K and in V K . Let v denote a prime divisor of K|k. First note that Γ v ∼ = Z so that v satisfies the first property required by V K resp. V K . Moreover, one has td(k(v)|k) = td(K|k) − 1 ≥ 1 and so dim Z/ℓ (k(v) × /ℓ) ≥ 2; since K contains the ℓ-closed subfield k, we deduce that v satisfies the second condition of V K and V K .
To simplify the notation, we denote by F = k(v). Let us now show the last condition which ensures v ∈ V K resp. V K . Let x ∈ F × F ×ℓ be given; in particular, x is transcendental over k. Denote by M the relative algebraic closure of k(x) inside F . Since M is a function field of transcendence degree 1 over k, there exists z ∈ k(x) such that the images of x and z in M × /ℓ are (Z/ℓ)-independent. Such a z exists as follows. First note that x / ∈ F ×ℓ implies that x represents a non-trivial element of M × /ℓ. Denote by C the unique complete normal model of M|k and consider the map C → P 1 k which is induced by the inclusion k(x) → M. By the approximation theorem, there exists a prime divisor v of P 1 k and a function z ∈ k(x) such that v = v 0 , v ∞ , v(z) = 1 and v is unramified in the cover C → P 1 k ; here v 0 resp. v ∞ denotes the prime divisor associated to 0 ∈ P 1 M (k) resp. ∞ ∈ P 1 M (k). Since v is unramified, for any prime divisor w of C which prolongs v one has w(z) = 1 and thus z / ∈ M ×ℓ . Moreover, as v = v 0 , v ∞ and the divisor associated to x is precisely v 0 − v ∞ , we deduce that the images of x and z are independent in Div(C)/ℓ. In particular, z, x are independent in M × /ℓ. Thus, the images of x, z in F × /ℓ and F are also independent since M is relatively algebraically closed in F . In particular, x, z also non-cyclic in F . On the other hand, a classical theorem of Milnor states that one has a short exact sequence:
where w varies over all the prime divisors of k(x)|k which correspond to closed points of A 1 k and the rightmost map is the sum of the corresponding tame symbols. Applying the (right exact) functor (•)⊗ Z Z/ℓ resp. • to this short exact sequence, we deduce that
×ℓ for all such w. In particular, {x, z} = 0 ∈ K M 2 (F )/ℓ and {x, z} = 0 ∈ K M 2 (F ). From this, we deduce the third condition required by V K resp. V K using Remark 2.14. 
bijection. Moreover, this bijection is compatible with the bijection V k(v) → T k(v) in the sense that the following diagram (of bijections) commutes:
V v K / / T v K V k(v) / / O O T k(v) O O For any v ∈ V K , one has U 1 v ∈ T K . The map V K → T K defined by v → U 1 v is a bijection. Let v ∈ V K be given. Then the map V v K → T v K induced by V K → T K is a
Proof. Let v ∈ V K be given. By Proposition 2.16 and Lemma 2.21 and/or Theorem 3, along with the properties of the valuations in V K , we deduce that As for the compatibility in residue fields let v ∈ V K be given and observe that U
v by Lemma 2.21. Take w ∈ V K a coarsening of v. Denote by v/w the valuation induced on k(w) by v. Then one has a canonical short exact sequence:
As Γ v contains no non-trivial ℓ-divisible convex subgroups, the same is true for Γ v/w . Moreover, k(v) = k(v/w). Lastly, Lemma 2.21 ensures the final condition of Definition 2.22 for v/w to be in V k(w) and the rest is easy. The pro-ℓ case is virtually identical.
Remark 2.25. Note that when (K × /ℓ)/ −1 resp. K × / tor is cyclic, one cannot deduce anything about the units of the valuation v as above. Consider, for example,
where Z ℓ is considered as the ℓ-Sylow subgroup of G Fp = Z = q Z q . The field K does not possess any non-trivial valuations and K × /ℓ resp. K is cyclic. In particular, the only valuative subgroup of K × /ℓ resp. K is precisely K × /ℓ resp. K. On the other hand, consider K = C((t)). It is well known that, again, G K = Z and thus K × /ℓ resp. K is cyclic, generated by t. However, the trivial subgroup of K × /ℓ resp. K is valuative and the corresponding valuation is precisely the t-adic valuation.
On the other hand, arguing in a similar way as in Theorem 4, we can say a bit more. Consider a subgroup K ×ℓ ≤ T ≤ K × such that −1 ∈ T = H(T ) and T ≤ H(T ) is minimal in the same sense as Definition 2.22. Then there exists a valuation v of K such that Γ v contains no non-trivial ℓ-divisible convex subgroups, dim Z/ℓ ((k(v) × /ℓ)/ −1 ) ≤ 1 and T = U 1 v . Unfortunately, one cannot detect U v precisely using the K-theoretic method above since
× /ℓ)/ −1 is cyclic. However one can say that U v is precisely the minimal valuative subgroup of K × which contains U 1 v . Similarly one can consider T ≤ K such that K/ T is torsion-free and T = H( T ) is minimal in the sense of Definition 2.22. Then there exists a valuation v of K such that Γ v contains no non-trivial ℓ-divisible convex subgroups, k(v)/ tor is cyclic and T = U 1 v . As above, unfortunately, one cannot detect U v precisely using the ℓ-adically complete K-theoretic method above since k(v)/ tor is cyclic.
Almost Commuting Liftable Subgroups of Galois Groups
Throughout this section, unless otherwise noted, K will denote a field such that char K = ℓ and µ ℓ ⊂ K. Throughout, we fix once and for all an isomorphism of G K -modules µ ℓ ∼ = Z/ℓ, and we denote by ω = ω ℓ the element of µ ℓ which corresponds to 1 ∈ Z/ℓ under the isomorphism Z/ℓ ∼ = µ ℓ . When we make the assumption that µ ℓ ∞ ⊂ K, we implicitly also fix, in this case, an isomorphism of G K -modules lim m µ ℓ m ∼ = Z ℓ obtained by choosing a compatible system (ω ℓ m ) m with ω m a generator of µ ℓ m .
We denote
this notation is compatible with that which is used throughout the paper). Recall that the Kummer pairing
This is a perfect pairing which induces a bijection between subgroups T such that K ×ℓ ≤ T ≤ K × and subgroups A ≤ G a K . For a subgroup T as above, we denote by
; this is precisely the orthogonal of T with respect to the pairing above. Similarly, given A ≤ G a K , we denote by
this is precisely the orthogonal of A with respect to the pairing above, and is the unique subgroup
) the maximal pro-ℓ abelian Galois group of K (this notation is compatible with that which is used throughout the paper). Consider Z ℓ (1) = lim n µ ℓ n ; one has a canonical perfect Kummer pairing K × Π a K → Z ℓ (1) defined by taking the limit of the corresponding Kummer pairings
K the corresponding Kummer orthogonals with respect to this pairing. This induces a 1-1 correspondence between subgroups A ≤ Π a K such that Π a K / A is torsion-free and submodules T ≤ K such that K/ T is torsion-free.
The main results of § 2 allow one to detect the valuations v of K using the Milnor-K-theory of the field. In the mod-ℓ case, one uses the information encoded in K If the field K has characteristic different from ℓ, the Merkurjev-Suslin theorem shows that this information is already encoded in
ℓ ) for the mod-ℓ case; for the pro-ℓ case one can use
). Another consequence of the Merkurjev-Suslin theorem shows that this datum can be deduced from the cohomology of small pro-ℓ Galois groups (G c K resp. Π c K ) over K in the presence of enough roots of unity (see, e.g., [CEM12] for the explicit details). So, in some sense, we've already produced group theoretical recipes to detect valuations from small Galois groups. In the context of producing precise recipes for the local theory in birational anabelian-geometry, this is somewhat unsatisfactory. Thus, in this section, we translate the results of § 2 into explicit conditions using the group-theoretical structure of G c K resp. Π c K instead of the structure of its cohomology; these conditions are inspired by Bogomolov and Tschinkel's theory of commuting-liftalble pairs [BT02] .
3.1. Hilbert Decomposition Theory. Let (K, v) be a valued field such that char K = ℓ and In fact, if char k(v) = ℓ, we can explicitly describe these subgroups via the Kummer pairing
(1) (Proposition 3.1). Before we prove this proposition, we first review some basic facts from Hilbert decomposition theory for valued field (K, v) such that char k(v) = ℓ and µ ℓ ⊂ K resp. µ ℓ ∞ ⊂ K.
Assume, then, that char k(v) = ℓ and let L|K be an arbitrary pro-ℓ Galois extension (K ⊂ L ⊂ K(ℓ)) and pick a prolongation w of v to L. We denote by I w|v resp. D w|v the inertia resp. decomposition subgroups of w|v in Gal(L|K). One has a canonical short exact sequence:
recall that this short exact sequence is split if L = K(ℓ) and that k(w) = k(v)(ℓ) in this case. Moreover, we have a perfect pairing which is compatible with the action of Gal(k(w)|k(v)) on I w|v :
× . To simplify the notation, we denote by
× . This pairing is compatible with the action of Gal(k(w)|k(v)) on I w|v ; in particular Gal(k(w)|k(v)) acts on I w|v via the cyclotomic character Gal(k(w)|k(v)) ։ Gal(k(v)(µ ℓ w )|k(v)).
If we have a tower of pro-ℓ Galois extensions of valued fields: (K, v) ⊂ (L, w) ⊂ (F, w ′ ) then the corresponding pairings are compatible. I.e. the following diagram is commutative in the natural sense:
Moreover, the two pairings are compatible with the action of Gal(k(w ′ )|k(v)) on I w ′ |v resp. Gal(k(w)|k(v)) on I w|v . I.e. the surjective map I w ′ |v ։ I w|v is (Gal(k(w ′ )|k(v)))-equivariant; here Gal(k(w ′ )|k(v)) acts on I w|v via the projection Gal(k(w ′ )|k(v)) onto Gal(k(w)|k(v)). The proof of the following proposition can be found in [Pop10b] Fact 2.1 in the pro-ℓ case and in [Pop11a] in the mod-ℓ case, but is explicitly stated for valuations v such that char k(v) = ℓ. It turns out that the same proof works, at least in one direction, even if char k(v) = ℓ and we summarize this in the proposition below.
we note that the required direction in the proof of loc.cit. still holds. Below we sketch the mod-ℓ adaptation as the pro-ℓ case is virtually identical.
Suppose a ∈ K × is such that
Dv . Let a ∈ 1 + m v be given. The polynomial X ℓ − a reduces mod m v to X ℓ −1. Since char k(v) = ℓ one has µ ℓ ⊂ k(v) and this polynomial has ℓ unique roots in k(v).
Iv is similar. 3.2. Generalities on the Cohomology of Pro-ℓ Groups. In the context of profinite groups, a "subgroup" will always mean a closed subgroup and a "homomorphism" will always mean a continuous homomorphism. If G is a profinite group and S is a subset of G, we will use the notation S for the closure of the subgroup generated by S. Whenever we have a surjective map G ։ H of profinite groups, and a subset S of H which converges to 1, we will use the term "pick lifts" of S to mean: (1) take a continuous section (•) : H ֒→ G of G ։ H and (2) take S as our set of lifts; this ensures that S also converges to 1 in G.
Let G be a pro-ℓ group. We will use the notation
here H * (G, A) denotes the continuous-cochain cohomology of G with values in A. We also denote by β : H 1 (G) → H 2 (G) the Bockstein map; i.e. this is the connecting homomorphism associated to the short exact sequence of trivial G-modules:
Recall the definition of the (Z/ℓ)-central descending series of G:
For simplicity, we denote
is precisely the Frattini subgroup of G. Thus, any minimal generating set (σ i ) i∈I of G a which converges to 1 yields a minimal generating set (σ i ) i∈I of G which converges to 1 by choosing a continuous section G a ֒→ G of G ։ G a ; thus, in turn, we obtain a free presentation S ։ G where S is the free pro-ℓ group of (σ i ) i∈I and the map S → G induces an isomorphism S
We also recall the definition of the usual central descending series of G:
For simplicity we denote
. If G ab is torsion-free, the free presentation S ։ G from above can be picked so that also S
Definition 3.3. Let G be a pro-ℓ group. For σ, τ ∈ G a , we denote by [σ, τ ] =σ
whereσ,τ ∈ G c denote some lifts of σ, τ ∈ G a under the canonical projection G c ։ G a . We denote by σ ℓ =σ ℓ where, again,σ ∈ G c is some lift of σ ∈ G a . To simplify the exposition, if ℓ = 2, we denote by σ β = 0 and if ℓ = 2 we denote by
and is killed by ℓ, the elements [σ, τ ] and σ ℓ are independent of choice of liftsσ,τ . Thus, one has well defined maps:
We have a similarly defined map 
recall this is forced to be the trivial map if ℓ = 2).
Let G be a pro-ℓ group and pick a free presentation S ։ G, where S is a free pro-ℓ group, such that the induced map S a → G a is an isomorphism. Denote by T the kernel of S ։ G and consider the spectral sequence associated to the extension 1 → T → S → G → 1:
Since S and T have ℓ-cohomological dimension ≤ 1 and S
is an isomorphism; namely, d 2 : H 1 (T )
whose right kernel is trivial and whose left kernel is precisely [S, T ] · T ℓ . Thus, we obtain a perfect pairing
2 (ξ))(t). Let G be a torsion-free pro-ℓ group such that G ab is torsion-free (e.g. G = G K for some field K with char K = ℓ and µ ℓ ∞ ⊂ K). We can, in this case, pick a presentation S → G so that S ab → G ab is an isomorphism. We denote the kernel of this map by T . Similarly to above, d 2 :
is an isomorphism where d 2 denotes the differential in the spectral sequence:
We therefore obtain a pairing:
whose right kernel is trivial and whose left kernel is precisely [ T , S]. Thus, we obtain a perfect pairing T
2 (ξ)(t). In the next proposition, we provide a complete and explicit description of these pairings in certain cases which apply and, in particular, when G is the maximal pro-ℓ Galois group of a field K with char K = ℓ and µ ℓ ⊂ K resp µ ℓ ∞ .
Proposition 3.5. Let S be a free pro-ℓ group on generators (σ i ) i∈I and give I a total ordering. Then any elementρ ∈ S (2) /S (3) has a unique representation as:
where σ i are considered as elements of S a . Any elementδ ∈ S (2,∞) /S (3,∞) has a unique representation as:
where σ i are considered as elements of S ab . Let G be a pro-ℓ group and pick a free presentation S ։ G which induces an isomorphism S a → G a where S is a free pro-ℓ-group on (σ i ) i∈I . We again endow I with a total ordering. Denote by T the kernel of the homomorphism S ։ G and consider the canonical pairing:
Denote by (x i ) i∈I the dual basis of H 1 (G) associated to (σ i ) i∈I . Then
• (t, βx r ) = −b r (t). 
Assume that the inflation map H
• (ρ, βx r ) = −b r (ρ) for r ∈ I.
Suppose furthermore that G ab is torsion-free. Pick S → G so that furthermore S ab → G ab is an isomorphism. Denote by T the kernel of the homomorphism S ։ G and consider the canonical pairing:
Denote by (x i ) i∈I the dual basis of
Assume moreover that the inflation map 
Proof. Below we show the mod-ℓ case as the pro-ℓ case is virtually identical replacing [S, T ]·T ℓ with [S, T ], and making the obvious changes in the notation. Denote by T the kernel of S ։ G. Using a combination of [NSW08] Proposition 3.9.13 and 3.9.14, along with a standard limit argument in the case where I is infinite, we only need to show that the canonical surjective map T /([S, T ] · T ℓ ) → R is an isomorphism (see also the discussion immediately preceding this proposition).
Consider the free presentation S ։ G ։ G a . The differential d 2 in the spectral sequence associated to this extension induces a perfect pairing
which is compatible in the natural sense with the perfect pairing associated to G. I.e. the dual of the inflation map
. This canonical map is injective by our assumption that
On the other hand, R = (T · S (3) )/S (3) and so the kernel of the canonical surjective map T → R is precisely [S, T ] · T ℓ , as required.
Remark 3.6. Let K be a field such that char K = ℓ and µ 2ℓ ⊂ K (in particular, G K is torsion-free). By the Merkurjev-Suslin theorem, the cup product
ℓ ) is surjective. Since µ ℓ ∼ = Z/ℓ, we deduce that G K satisfies the assumptions of Proposition 3.5 in the mod-ℓ case. Similarly, if µ ℓ ∞ ⊂ K, G K satisfies the assumptions of Proposition 3.5 in the pro-ℓ case since
The following are equivalent:
On the other hand, assume that G ab is torsion-free and let f, g ∈ Hom(G,
Proof. The equivalence of (1) and (3) is well known in the mod-ℓ case -see for example [Lin91] Theorem 1 to deduce this for the mod-ℓ case (after a limit argument). Alternatively, this can be deduced from Proposition 3.5 along with the discussion which precedes it (we use this extensively with no mention in the proof below).
Considering the spectral sequence associated to the extension 1 → G (2) → G → G a → 1, we deduce that there
via the inflation map. Thus, considering the spectral sequence associated to the extension
To show the other equivalence, it suffices to assume with no loss that G c = G. Denote by x 1 = f and x 2 = g and complete x 1 , x 2 to a Z/ℓ-basis (x i ) i of H 1 (G) = Hom(G, Z/ℓ). We obtain a dual minimal generating set (σ i ) i for G a which converges to 1 such that ker x j = σ i i =j . Choose a corresponding free presentation S ։ G where S is the free pro-ℓ group on (σ i ) i such that S a ∼ = − → G a is an isomorphism, and denote by T the kernel of S → G. Assume that x 1 ∪ x 2 = 0 ∈ H 2 (G). Then there exists t ∈ T such that a 12 (t) = 0. We can assume without loss that a 12 (t) = 1. Writing t = [σ 1 , σ 2 ] · ρ −1 , ρ ∈ S (2) with a 12 (ρ) = 0, we deduce that [σ 1 , σ 2 ] = ρ when considered as elements of G. Thus, we deduce (3).
Conversely, assume (3). Then there exists ρ ∈ S (2) such that a 12 (ρ) = 0 and [
The pro-ℓ case is similar. Indeed, the proof of the equivalence of (1) and (2) is virtually the same. To show the equivalence of (2) and (3) using a similar argument as above, we note that if f, g ∈ H 1 (G) ℓ · H 1 (G) are Z ℓ -independent, then, for any n ≥ 0, one has f ∪ g = 0 if and only if ℓ n · (f ∪ g) = (ℓ n · f ) ∪ g = 0. This can be easily deduced from Proposition 3.5 since f, g can be extended to a Z ℓ -basis for H 1 (G); then, in the notation of the proposition, the homomorphism (•, f ∪ g) is non-trivial if and only if (•, ℓ · (f ∪ g)) is non-trivial since Z ℓ is torsion-free. In particular, to show the equivalence of (2) and (3), we can assume that f, g are actually elements of H 1 (G) ℓ · H 1 (G) so that they can be extended to a Z ℓ -basis of H 1 (G), and then proceed in the same way as the mod-ℓ case.
Definition 3.8. Let G be a pro-ℓ group. A subgroup A ≤ G a is called almost commutingliftable (or ACL for short), if for all σ, τ ∈ A one has [σ, τ ] ∈ A β . Let A ≤ G a be any subgroup. We define I(A) ≤ A as
Since A subgroup A ≤ G ab is called commuting-liftable (or CL for short), if for all σ, τ ∈ A one has [σ, τ ] = 0. Let A ≤ G ab be any subgroup. We define I( A) ≤ A as
As above, I( A) is a subgroup of A and I( A) = A if and only if A is CL. Note that, in the case where A = σ, τ has rank 2, the statement " A is CL" is equivalent to "σ, τ are commuting-liftable" as defined in [BT02] and [Pop10b] .
3.3. Galois Cohomology. Throughout this subsection, K will denote a field such that char K = ℓ and µ ℓ ⊂ K (unless otherwise noted). We will denote by G K = Gal(K(ℓ)|K) the maximal pro-ℓ Galois group of K. And we denote by
In order to avoid notational confusion, we will generally denote by:
in order to stay in line with the notation from the introduction and from [Pop10b] . Our fixed isomorphism µ ℓ ∼ = Z ℓ allows us to explicitly express the Bockstein morphism
All the work has already been done and all that is left is to put everything together in the context where K is a field such that char K = ℓ and µ 2ℓ ⊂ K resp. µ ℓ ∞ ⊂ K. The theorems presented in this subsection are merely the Kummer duals of the main results from § 2. They are explicitly presented here as they show how to detect valuation-theoretical data using the group theoretical data encoded in G 
Proof. This follows from Lemma 3.10 and Proposition 2.15.
Remark 3.11. Assume that ℓ = 2. The added assumption µ 4 ⊂ K in the previous theorem has two uses. First, it ensures that −1 ∈ K ×2 . But also, it ensures that the Bockstein map β : 
⊥ , we deduce that for all x / ∈ T β one has T ± xT ⊂ T ∪ xT ; thus T β is rigid and −1 ∈ T β . In particular, there exists an H, T β ≤ H ≤ K × , such that H is valuative and, denoting v = v H , one has 1 + m v ≤ T β . Finally, let us show that, in fact, 1 + m v ≤ T . Let x / ∈ H be given such that x ∈ m v . Then 1 − x ∈ T β and thus 1 − x ∈ T . On the other hand, suppose that v(x) > 0 but x ∈ H. Then there exists y / ∈ H such that 0 < v(y) < v(x) (cf. Lemma 2.4). Thus, (1 − y) ∈ T and v(y + x − xy) = v(y). In particular, y + x − xy = y mod H and so y + x − xy / ∈ H. Thus, (1 − y)(1 − x) = 1 − (y + x − xy) ∈ T so that 1 − x ∈ T as required.
⊥ is valuative. Denoting v = v H one has:
Proof. This follows from Lemma 3.10 and Proposition 2.16. Remark 3.12. As an immediate application of Theorems 5, 6 along with Proposition 3.9, we deduce the following non-obvious fact. Assume that char K = ℓ and µ 2ℓ ⊂ K as usual. Let A ≤ G a K be given, assume that A = I(A) and take σ ∈ I(A), τ ∈ A. Then [σ, τ ] ∈ σ β . Similarly, we deduce that any subgroup of an ACL subgroup A ≤ G a K is also ACL. Theorem 7. Let K be a field such that char K = ℓ and µ 2ℓ ⊂ K. Let Z ≤ G 
• char k(v) = ℓ and thus D 
• char k(v) = ℓ and thus D To finish this subsection, we state the Kummer dual of Theorem 4. In particular, this gives a group-theoretical recipe to recover precisely the subgroups
for valuations v ∈ V K resp. v ∈ V K using only the group-theoretical data encoded in G c K resp. Π c K . Definition 3.13. Let K be a field such that char K = ℓ and µ 2ℓ ⊂ K. We denote by A K the collection of subgroups Z ≤ G a K such that • Z = I(Z).
• I(Z) ≤ Z is maximal; i.e. whenever Z ≤ Z ′ ≤ G a K and Z = Z ′ , one has I(Z) ≤ I(Z ′ ). In particular, this implies that I(Z) = 1 or Z = G a K . On the other hand, assume that µ ℓ ∞ ⊂ K. Denote by A K the collection of all subgroups
Remark 3.14. Assume that µ 2ℓ ⊂ K. Using Lemma 3.10, we deduce that the map Z → Z ⊥ induces a bijection between A K and T K (Z ⊥ denotes the Kummer orthogonal of Z ≤ G a K ); similarly, the map Z → Z ⊥ induces a bijection between A K and T K if further µ ℓ ∞ ⊂ K. On the other hand, we can explicitly describe the elements of A K and A K in a simpler way. First let us discuss the mod-ℓ case -assume that µ 2ℓ ⊂ K. Let A ≤ G a K be any given ACL subgroup, and denote by
If I(C(A)) = C(A), then C(A) ∈ A K . Indeed, one has A ≤ I(C(A)) ≤ C(A); let C(A) ≤ Z ′ be given such that C(A) = Z ′ and assume that I(C(A)) ≤ I(Z ′ ). Then, in particular, A ≤ I(Z ′ ). But this implies that Z ′ ≤ C(A) by Theorem 6 and Proposition 3.9 -note that Z ′ = I(Z ′ ) and recall that for all σ ∈ I(Z ′ ) and τ ∈ Z ′ one has [σ, τ ] ∈ σ β . Conversely, let Z ∈ A K be given. Then the maximality condition on I(Z) ≤ Z implies that Z = C(I(Z)) (here one uses Theorem 6 and Proposition 3.9 again). In particular, we deduce that Z ∈ A K if and only if Z = C(I(Z)) and Z = I(Z) -i.e. Z is the "almost-commuting-liftablecentralizer" of its "almost-commuting-liftable-center."
On the other hand, assume that µ ℓ ∞ ⊂ K. In particular, we deduce that an analogous statement as Corollary 4.1 is false for general fields of characteristic 0. On the other hand, we can detect precisely which v ∈ V K resp. V K have char k(v) = ℓ using Theorem 8. First, we need a lemma which can be seen as a converse to Theorems 7 and 8. This corollary can be seen as a group theoretical recipe which detects the decomposition/inertia subgroups in G a K resp Π a K of valuations v ∈ V K resp V K such that char k(v) = ℓ using group theoretical data encoded in a Galois group which is larger than G
